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The phenomenon of localization usually happens due to the existence of disorder in a medium. Nevertheless,
certain quantum systems allow dynamical localization solely due to the nature of internal interactions. We study
a discrete time quantum walker which exhibits disorder free localization. The quantum walker moves on a one-
dimensional lattice and interacts with on-site spins by coherently rotating them around a given axis at each step.
Since the spins do not have dynamics of their own, the system poses the local spin components along the rotation
axis as an extensive number of conserved moments. Below a critical non-zero spin rotation angle, the walker
only partially localizes at the origin with downscaled ballistic tails in the evolving probability distribution.
However, above the critical spin rotation angle, we show that the walker exhibits exponential localization in the
complete absence of disorder in both lattice and initial state. Using a matrix-product-state ansatz, we investigate
the relaxation and entanglement dynamics of the on-site spins due to their coupling with the quantum walker.
Surprisingly, we find that even in the delocalized regime, entanglement growth and relaxation occur slowly
unlike the other models displaying a localization transition.
I. INTRODUCTION
By yielding insights into fundamental questions on ther-
malization of closed quantum systems, disorder and local-
ization have earned themselves a central place in quantum
physics. The corner stone of these topics is the phenomenon
of Anderson localization 1, which in one-dimension produces
localization of all single particle eigenstates for arbitrarily
weak disorder. Due to these localized eigenstates, particles
can not move through the system and thermalization is pre-
vented. The absence of transport and thermalization has been
found to be robust to interactions2–6. This many-body local-
ization (MBL), which occurs at finite temperature in the pres-
ence of sufficiently strong disorder and interactions, is closely
related to the subject of ergodicity-breaking due to the impos-
sibility of thermalization for MBL systems. In fact, the pres-
ence of a MBL phase serves as an example of the violation
of the eigenstate thermalization hypothesis7. Disentangled
quantum liquids provide another example of non-thermalizing
localization where a light species can localize with low en-
tropy due to the coupling to a system of heavy particles8,9. On
the other hand, the manifestation of disorder-free localization
(DFL) in quantum systems has been demonstrated more re-
cently, where the system generates its own effective disorder
dynamically in the absence of any external randomness10. An-
other example of DFL has been observed in a translationally
invariant Ising-Kondo Lattice model, where Anderson local-
ization occurs due to the conserved moments11.
In this article we study DFL in a quantum walk model.
Having been put forward almost three decades ago as a quan-
tum counterpart of random walks12, quantum walks proved
themselves so far to be a versatile model for quantum com-
putation, not only due to their role in the development of new
quantum algorithms13 but also for providing a concrete frame-
work for universality14. Despite their superiority over random
walks in spreading rates15,16 leading to faster computational
algorithms13, they have also attracted considerable attention
in terms of their non-diffusibility features in the presence of
disorder such as quantum-to-classical transition17, dynamical
localization18, and the emergence of bound states19,20. While
rolling back to the classical behavior is attributed to wiping
out coherence in the system due to dynamical disorder, it is the
static disorder that leads to dynamical localization in quantum
walks. The former disorder scheme manifests itself as a time-
dependent evolution operator, whereas the latter resembles a
random potential for the quantum walker described by a uni-
tary operator21–27. Since these disorder models break either
the temporal or the spatial symmetries, any emergent non-
diffusibility in quantum walks is typically associated with a
lack of some symmetry in the dynamics28–32.
For the particular quantum walk, we consider a discrete-
time walker coupled to on-site spin-half systems on a one-
dimensional lattice such that the presence of the walker on a
specific site coherently rotates the corresponding spin. Our
examination of the considered system involves two parts.
First, we consider the walker and investigate its spreading dy-
namics as it interacts with the spins. Below a critical coupling
strength, only some eigenstates become localized around the
origin and thus still leaving ballistic tails in the evolving prob-
ability distribution. We show that interactions above the crit-
ical value yield exponential dynamical localization for the
walker without breaking any translational or temporal symme-
tries. In this sense, our model provides a simple manifestation
of interaction-induced disorder-free localization10. We then
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2turn our attention to the spin system and study its relaxation
and entanglement dynamics. Similar to MBL, the local inte-
grals of motion on the spin chain decohere and entangle due
to emergent interactions between them. When the walker is
localized, the emergent interaction decays exponentially and
leads to logarithmic growth in entanglement mimicing the ef-
fect in MBL systems. Surprisingly, in the delocalized regime
entanglement growth remains slow despite the ballistic tails.
This manuscript is organized as follows. In Sec. II, we in-
troduce our model and discuss the implications of the exten-
sive number of local symmetries for disorder-free localization.
Our main results are presented in Sec. III. We first provide the
quasi-energy spectrum as a function of the interaction param-
eter and study the localization properties of the walker and dy-
namics of the local spins. Then, we demonstrate the logarith-
mic growth of entanglement in time that arises due to an effec-
tive interaction between the spins induced by the walker. In
Sec. IV, we conclude by making connections to similarly be-
having systems and possible extensions. The equilibration of
entanglement entropy for small systems, details of the matrix-
product-state (MPS) calculations, and the perturbative effects
of a symmetry-breaking field are discussed in the appendices.
II. THE MODEL
A. Discrete-time quantum walk
Analogous to the classical random walk, the discrete-time
quantum walk depicts the unitary evolution of a particle on a
lattice where the direction of the movement is determined by
an internal degree of freedom, namely, the coin12. At each
time step, an operator Cˆ acting solely on the coin state is fol-
lowed by a coin-state-conditioned translation operator Tˆ act-
ing on the total coin-position Hilbert space Hc ⊗ Hp. Al-
though Cˆ can be chosen from SU(2), without loss of general-
ity, one may constrain the coin operator to be a rotation around
the x-axis33, so that
Cˆ = exp
(
−iθXˆ
)
⊗ IˆN . (1)
Here, Xˆ is the Pauli-X operator acting on the coin space and
IˆN is the identity operator acting on the the N -dimensional
position space. We will further fix the coin angle to be
θ = pi/4 throughout the manuscript. The conditional trans-
lation operator shifts the position of the walker one site to its
right or left depending on the coin state as given by
Tˆ =
∑
c,n
|c〉〈c| ⊗ |n+ (−1)c〉〈n|, (2)
where c ∈ {0, 1} refer to the eigenstates of the Pauli-Z opera-
tor Zˆ spanning the coin space and n ∈ Z labels theN position
states. Thus, the evolution operator describing a single time
step in the dynamics is written as Wˆ = Tˆ Cˆ. After t steps,
the final state becomes
|ψt〉 = Wˆ t|ψ0〉 =
∑
c,n
ac,n(t)|c, n〉, (3)
FIG. 1. Schematic representation of the first 3 steps of the quantum
walk model employed in the manuscript. The quantum walker (blue-
dark balls) interacts with the spin chain (gray-light balls) in each step
such that the spin rotates by an angle φ when the walker is on that
site and has no dynamics otherwise. The starting point of the walk is
indicated by 0 and a balanced walk is depicted.
where |ψ0〉 is an arbitrary initial state at t = 0 and ac,n(t) are
the probability amplitudes corresponding to coin state |c〉 and
position state |n〉. Consequently, the probability of finding
the quantum walker at position n and step t is calculated by
Pn(t) =
∑
c |ac,n(t)|2. Throughout the manuscript, we con-
sider ac,n6=0(0) = 0 such that |ψ0〉 = |χ0〉 ⊗ |n = 0〉 with
the coin state |χ0〉 = 2−1/2 (|0〉+ |1〉). This initial state
is localized at the origin and yields a symmetric probability
distribution over the lattice in time with our aforementioned
choice of the coin operator15,16.
B. Quantum walk interacting with on-site local spins
In this article, we consider a quantum walker interacting
with a chain of N spins which are permanently localized at
the lattice sites and not directly coupled with each other. We
denote the state of a single spin at site n by |sn〉 where sn will
be either {0, 1} or {+,−} referring to the eigenstates of Zˆ or
Xˆ , respectively. The total Hilbert space is Hc ⊗ Hp ⊗ Hs,
and has size 2×N×2N which scales exponentially inN . The
spins’ subspace Hs is spanned by {|s〉} ≡ {|s1s2 . . . sN 〉}
where s can have 2N possible values corresponding to differ-
ent spin configurations. We will employ the notation sZ and
sX to refer to eigenbasis of Zˆ and Xˆ , respectively. The walker
interacts with the spins such that its presence on any site n
induces a rotation on the corresponding spin state |sn〉 by an
angle φ at each step, as shown in Fig. 1. Without loss of gen-
erality, we will consider rotations around the x-axis through-
out the paper. The site dependent interaction operator in the
whole Hilbert space of the system can accordingly be written
3as
Mˆ =
∑
n
Iˆ2 ⊗ |n〉〈n| ⊗ exp
(
−iφXˆn
)
. (4)
where φ is the rotation angle and the operator
Xˆn = Iˆ
⊗(n−1)
2 ⊗ Xˆ ⊗ Iˆ⊗(N−n)2 (5)
acts on the spin at the nth site. Thus, we introduce the
single step operator to involve walker-spin interaction as
WˆM = Tˆ CˆMˆ where both Tˆ and Cˆ are now naturally ex-
tended with Iˆ2N for consistency. Like the coin-state depen-
dent translation operator entangling the coin and position de-
grees of freedom34,35, the position-state dependent spin inter-
action operator entangles the walker and spins as well. There-
fore, the total state of the system at time t,
|Ψt〉 =
∑
c,n,s
ac,n,s(t)|c, n, s〉 , (6)
is a superposition of both coin, position and spin state degrees
of freedom. In general, even after starting with a product state
at t = 0, it is impossible to factorize any degree of freedom
completely at later times. At this point, it is worthy to note
that the model we consider here is actually simpler in terms
of its construction compared to the other similar models since
we consider a one-dimensional position space and the spins
have no direct action on the walker 36–38.
C. Disorder free localization
In the quantum walk WˆM , the local spins haveN conserved
quantities as can be seen by noting that the step operator
WˆM =
∑
c,n
|c〉〈c|e−iθXˆ ⊗ |n+ (−1)c〉〈n| ⊗ e−iφXˆn (7)
is invariant under spin flips, i.e., [Xˆn, WˆM ] = 0 for all n,
where we extend Xˆn → Iˆ2N ⊗ Xˆn, yielding N conserved
quantities in total. These extensive number of conserved lo-
cal quantities in the model act as a hidden disorder and thus
the quantum walker evolving with WˆM localizes dynamically
similar to other DFL mechanisms10.
This is clearly seen when looking at the simultaneous eigen-
states of both Xˆn and WˆM which are formed within the sub-
space spanned by {|c, n, sX〉} with sX fixed. This basis block
diagonalizes WˆM such that each 2N × 2N block is labeled
by one of 2N possible spin configurations sX, which can be
written as
〈s′X|WˆM |sX〉 =
{
WˆsX , if sX = s
′
X
0, otherwise
. (8)
The quantum walk WˆM can therefore be viewed as a su-
perposition of walkers evolving in a set of disordered land-
scapes under WˆsX = Tˆ CˆDˆsX with the disorder operator
DˆsX ≡
∑
n Iˆ2 ⊗ |n〉 〈n| eiφsn and sn are the elements of the
set sX 39. Therefore, for a single spin configuration sX, the
state of the quantum walk at time t can be written in terms of
the eigenstates of WˆsX such as
|Ψt〉 =
2N∑
m
am,sX (t)|ψm,sX〉 ⊗ |sX〉, (9)
where |ψm,sX〉 is the mth eigenstate with amplitude am,sX (t).
For example, the two completely Xˆ-polarized spin configu-
rations, where all sn are either + or −, yield the standard
quantum walk with all of its eigenstates extended. On the
other hand, the existence of a single spin-flip disorder leads
some localized eigenstates |ψm,sX〉 around this impurity19,20.
In general, when the distribution of sn are disordered, the
eigenstates can become localized.
For the dynamics to be localized, the delocalized eigenstate
should not effectively contribute to the dynamics. This natu-
rally depends on the initial state, but we will concentrate on an
initial state with all spins polarized in Zˆ, e.g. sZ = (00 . . . 0),
which is an equal weight superposition of all |sX〉 eigenstates.
Therefore, the time evolution occurs independently in all spin
sectors {sX} so that
|Ψt〉 = Wˆ tM |Ψ0〉 =
1
2N/2
∑
sX
{
Wˆ tsX |ψ0〉 ⊗ |sX〉
}
. (10)
Noting that the projection operator Pˆn = I2 ⊗ |n〉〈n| ⊗ I2N
does not mix the different spin states, the probability distribu-
tion will be equivalently given by an average of the disordered
walks WˆsX as
Pn(t) =
1
2N
∑
c,sX
∣∣〈c, n|W tsX |ψ0〉∣∣2 . (11)
The probability Pn(t) becomes an average of walks over the
different binary distribution of local phases e±iφ. Hence, if
walks under WˆsX are localized on average, the dynamics will
be too. We obtain the probability distribution of the quantum
walker by employing a numerically exact MPS ansatz which
evaluates Eq. (9) by truncating the state for a given precision
in all spin configurations (see App. A for details). Moreover,
by considering this MPS results to be our reference, we show
that the computational complexity of numerically calculating
Pn(t) for the unitary WˆM can be reduced to that of WˆsX by
random sampling Eq. (11) as we present in Sec. III B. Statisti-
cally, the finite number of random spin configuration samples
are most likely to be chosen among the vicinity of zero to-
tal X-polarization. The agreement between our sampling and
MPS results confirms that those configurations are the ones
that contribute to the dynamics significantly.
Having reduced the problem to that of a disordered walker,
we emphasize that quantum walks are known to exhibit An-
derson localization in the presence of position-dependent
static disorder (time-independent), which has been demon-
strated analytically18,40, numerically41, and experimentally32.
We show that when φ is sufficiently large, similar to one-
dimensional Hamiltonian models with disorder the probabil-
ity distribution around the origin stays exponentially localized
4FIG. 2. Quasi-energy E spectrum and the inverse participation ratio
(ÎPR) of the corresponding eigenstates with respect to the interac-
tion parameter φ for the quantum walker stepping with WˆM . For a
given E, the inverse participation values are averaged over degener-
ate cases and normalized by the number of spins N = 18. After the
critical spin rotation angle φ = pi/4, the band gaps close and the
quasi-energy eigenstates become localized.
showing the striking signature of Anderson localization. For
finite system sizes, the transition between spreading and lo-
calized regimes has also been shown32. Finally, we note that
the parameter φ in the unitary evolution related to disorder
in our model yields dynamical localization, but should not be
directly associated with the random potential of Hamiltonian
models.
D. Figures of Merit
To quantify the localization of the quantum walker, we will
employ two measures derived from the probability distribu-
tion of the quantum walker, namely, the variance
σ2t =
∑
n
n2Pn(t) (12)
and the normalized Inverse Participation Ratio
ÎPR =
(
N
N∑
n=1
P 2n
)−1
. (13)
The variance of the probability distribution is a well-known
measure for classifying the spreading rate of the quantum
walker. While a ballistic spread as in the standard disorder-
free quantum walk case gives a quadratic growth in the vari-
ance
(
σ2t ∼ t2
)
, a classical random walk is diffusive with a
variance that increases linearly
(
σ2t ∼ t
)
with respect to the
step number. Apart from these, a localized probability distri-
bution yields either a constant or a fluctuating variance which
has no overall increase in time. The inverse participation ratio,
on the other hand, estimates the average number of sites where
the quantum walker is spread over uniformly. We employ the
inverse participation ratio which is normalized over the size
of the lattice N as given in Eq. (13). Therefore, ÎPR → 1
if the walker is spread over the position space uniformly and
ÎPR→ 0 if the walker is localized on a single site, asN →∞.
After we discuss the localization properties of the quantum
walker, we will turn our attention to the spin chain itself and
examine the entanglement entropy between its bipartite sub-
divisions for investigating signatures of DFL. Let A and B
represent subsystems forming the two halves of the total sys-
tem.42 The reduced density matrix of system A is obtained by
tracing over systemB as ρA(t) = TrB |Ψt〉〈Ψt| where |Ψt〉 is
the total state of (A+B) given in Eq. (9). Since |Ψt〉 is a pure
state by assumption, we employ the von Neumann entropy
S(ρA) = −Tr [ρA log ρA] (14)
to measure the entanglement between system A and B. The
calculation of Eq. (14) as a function of t and walker-spin in-
teraction parameter φ is a difficult problem to handle due to
the large Hilbert space in question. Nevertheless, MPS ansatz
method provides an efficient way of calculating Eq. (14) as we
will later elaborate in App. A.
III. RESULTS
A. Energy spectrum
The dynamics of quantum walks can be regarded as a stro-
boscopic realization of an effective Hamiltonian defined as
WˆM ≡ e−iHˆeff . Similar to quasi-momentum in systems with
discrete translational symmetry, the eigenvalues of Hˆeff are
called quasi-energies since WˆM is applied periodically, i.e,
the system possesses a discrete time-translational symmetry43.
We start by discussing the quasi-energy spectrum of the step
operator WˆM (the eigenvalues of Hˆeff) as a function of φ as
shown in Fig. 2 for a system size of N = 18. We note here
that our calculations do not yield any change in quasi-energy
spectra after N ≥ 15. The surface plot has quasi-energy E
on the vertical axis and each eigenstate is colored with its IPR
value. At φ = 0 the system has a 218-fold degenerate disor-
der free quantum walk spectrum consisting of two bands. The
bands are separated by two band gaps of width pi/2 and all
states are delocalized for the quantum walker indicated by the
light color map. As the coupling is turned on, localized states
indicated by darker colors appear first at the edges of the two
bands whereas delocalized states are mostly in the middle of
the bands. At φ = pi/4 band gaps are closed and almost all
eigenstates are localized for φ > pi/4. One cannot directly
identify a mobility edge due to the fact that quasi-energies
from different spin sectors get also shifted depending on the
φ value. For example, the sn = −1 and +1 (for all n) spin
sectors always have delocalized states, however their quasi-
energies are shifted by ±φ with respect to the standard walk
spectrum. These shifts explain delocalized states (indicated
by light colors) in the spectrum seen for φ > pi/4 and are also
the cause of the upward and downward moving branches for
5IPR
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FIG. 3. Probability distribution of the walk in the position space
after 400 steps (a) and its variance in position space as a function of
step number (b), for the initial state |Ψ0〉. Inverse participation ratio
(IPR) (c) and variance (d) are shown as a function of the spin rotation
angle φ, at different time steps. IPR is normalized by the lattice size
N = 400. The walker is exponentially localized for φ > pi/4.
localized states. Fig. 2 therefore visualizes the single-particle
localization as it appears in combination from the different
spin sectors sX. As discussed in Sec. II C, the localized eigen-
states are responsible for the emergent localization which is
presented in the following section.
B. Localization, entanglement and decoherence
In this section, we consider the dynamical properties of the
quantum walker which is initially localized at n = 0. The
initial spin state is chosen to be a product of Zˆ-polarized local
spins |sZ〉 such that
|Ψ0〉 = |χ0〉 ⊗ |n = 0〉 ⊗ |0〉⊗N (15)
with the coin state |χ0〉 yielding a symmetric distribution
around the origin as mentioned in Sec. II A. The initial spin
state |sZ〉 ≡ |0〉⊗N =
∏N
n=1⊗|0〉 is translationally invariant.
This choice does not restrict the applicability of our results for
any |sZ〉 as discussed in Sec. II C.
Here we present the results calculated with the random sam-
pling method mentioned in Sec. II C. We find that an average
over a few thousand samples are in perfect agreement with
MPS calculation results, which we performed up to t = 100.
With 4000 sX samples, the quantum walker’s probability den-
sity in position space after t = 400 time steps is shown in
Fig. 3(a) for increasing values of the interaction parameter φ.
The disorder free standard quantum walk (φ = 0) displays
ballistic peaks and the variance of the probability distribution
increases as σ2 ∼ t2 which gives a slope of two on the log-
log plot shown in Fig. 3(b). As the coupling to the spins is
turned on (φ 6= 0), the quantum walker remains partially lo-
calized near the n = 0 with less pronounced side peaks. Note
that the interference effects leading to oscillations in the prob-
ability of the standard walk are wiped out for φ > 0 as seen
in Fig. 3(a). This is due to decoherence effects induced by
the spin environment. For φ = pi/8, the spread of the bal-
listic tails decreases as can be seen from the reduced slope of
σ2. Furthermore, at the critical value φ = pi/4, the tails be-
come completely suppressed and σ2 displays a near diffusive
(σ2 ∼ t) behavior. The shaded triangle in Fig. 3(b) high-
lights the range between the ballistic spreading and the diffu-
sive limit with its upper and lower edges, respectively. The
walker remains exponentially localized for φ > pi/4 with a
localization length of λ ∼ 1.6 which we calculate by fitting
exp(−2|n|/λ) to the probability distribution Pn. Note that
the localization length is on the order of the lattice spacing. In
this regime, the spread of the quantum walker is sub-diffusive
and the variance approaches a constant value as t increases.
The change in the probability distribution as a function of
φ shows the crossover from ballistic spreading to a complete
localization in our disorder free model. Fig. 3(c) and Fig. 3(d)
show the inverse participation ratio and the variance as a func-
tion of φ for different step numbers, respectively. These plots
indicate that regardless of how many steps were taken, spread-
ing of quantum walker is small and it remains constant for
φ > pi/4. The gradual decrease in IPR and σ2 as φ goes from
0 to pi/4 results from the suppression of the side peaks and
their decreasing spreading rate, respectively.
The step operator WˆM creates entanglement between the
position, coin, and spin degrees of freedom which can be
quantified by the von Neumann entropy of subsystems as we
mentioned in Sec. II D. We calculate this entanglement en-
tropy S of one partition by spatially dividing the degrees of
freedom in half. This can easily be accessed via the singu-
lar values in the MPS simulations (see App. A) and is plotted
as a function of time in Fig. 4(a) for different values of the
coupling φ. Even though the growth is slower for partially
localized cases (φ < pi/4), the entanglement shows logarith-
mic growth starting with the second decade of the time evo-
lution for all non-zero values of φ. (For the standard quan-
tum walk at φ = 0 the entanglement saturates at log2 2 = 1
(horizontal blue line) with the initial state spreading equally
into the left and rights half of the system.) The logarithmic
growth happens faster with increasing φ as seen in Fig. 4(b)
for three different times and S does not change significantly
after φ ≥ pi/4 once the system is completely localized. We
emphasize that the behavior of S is characteristic of other lo-
calized systems such as MBL and DFL. Here, the logarithmic
growth is also related to the walker’s Hilbert space being small
and the generation of entanglement in the spin chain has to oc-
cur via interactions with the small Hilbert space of the walker.
The long-time behavior of S is therefore similar for all φ even
when the walker is partially localized for φ < pi/4.
Finally, we consider the spin sub-system results for which
MPS calculations are again required. The Xˆn expectation val-
ues of local spins remain zero throughout the evolution as
they constitute the conserved quantities in the model. The
y-polarization also vanishes for the initial state |ψ0〉 since the
spins are polarized in z-direction. During the evolution, the
spin expectation values decohere because of the interaction
6(a) (b)
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FIG. 4. Entanglement entropy between two halves of the spin chain
as a function of time (a) and as a function of the angle φ at different
time steps (b). Spin expectations along z- (c) and y-axes (d).
with the walker. Therefore, the spatial localization in 〈Zˆn〉
appears with a similar structure to that of the walker and is
shown in Fig. 4(c) at t = 100. The expectation values 〈Yˆn〉
in Fig. 4(d) similarly show the spreading of the side peaks for
φ = pi/8 and the spin textures remain localized for φ ≥ pi/4.
We note that differently from the localization of the walker’s
probability distribution, the spin textures show a dependence
on the initial coin state |χ0〉. An imbalance in the weights
of |sn = ±1〉 states changes the symmetric 〈Zˆn〉 distribution
and the phase difference effects the 〈Yˆn〉 distribution.
IV. DISCUSSION AND CONCLUSION
We have studied disorder-free localization of a quantum
walker coupled to local spins on a one-dimensional lattice.
Similar to models of quantum walks on graphs coupled to
spins living on nodes36 or links38, the local spins in our model
live on lattice sites and do not act on the coin. The Hamil-
tonian and the initial spin state we have chosen are transla-
tionally invariant, yet localization occurs merely due to the
interactions between the walker and the local spins. There-
fore, our model exhibits a discrete-time version of the DFL
introduced recently10 in a periodically driven system. One of
the advantages of our model is the presence of the extensive
number of conserved moments which provides a computation-
ally easier method to analyze the spread of the walk. Due to
the conserved quantities, the evolution problem reduces to that
of disordered walks. Since we chose the initial state to be a
superposition of all possible spin disorder configurations, the
spatial probability of the walker can be obtained through an
ensemble averaging over all possible spin configurations.
We have observed two regimes of localization depending
on the strength of the interaction between the walker and the
local spins. When the interaction is weak, only some of the
eigenstates are localized around the origin. Similar to the
mobility edges found in three-dimensional Anderson local-
ization44 and many-body localized systems under weak disor-
der4, the localized states are concentrated near the band edges
of the spectrum. As a result, the walker gets partially local-
ized around the origin. The ballistic tails are suppressed due
to the decoherence effects with the spin environment. The en-
ergy spectrum for weak interaction is different from those of
the one-dimensional Anderson insulators, where all the eigen-
states are localized for arbitrarily small disorder strengths. In
contrast to the Hamiltonian models, the discrete-time dynam-
ics here is given by a unitary step operator. As the interaction
strength increases, the band gap gets smaller and the eigen-
states become more localized. Above a critical strength, the
band gap closes and the ballistic tails disappear completely
with the walker being exponentially localized. The localiza-
tion length is reduced down to the order of the lattice spacing
and does not vary appreciably as a function of the interaction
strength above the critical value.
We have also introduced a straightforward implementation
of the MPS ansatz on the lattice which is essential to study
the spin dynamics and the entanglement entropy of differ-
ent subdivisions of the spin chain. The discrete-time unitary
evolution can be implemented without any formal approxima-
tions. Our results show that for all the values of the interac-
tion strength, the growth of the entanglement entropy is loga-
rithmically slow. The growth rate increases as the interaction
gets stronger and it saturates when the walker is exponentially
localized. The logarithmic suppression of the entanglement
growth is similar to the DFL and MBL systems previously
studied in the literature.
We have tested robustness of the quantum walker’s local-
ization and spin expectation values by applying a symmetry-
breaking uniform field to local spins. With a small field along
z-direction, the local x-polarization is not conserved any more
and the results change over to those of a classical random
walk. We estimate the time scale for the change in App. B.
Our work connects quantum walk models as examples of
periodically driven systems to the recent studies on disorder-
free localization and related areas. The use of MPS and tensor
network states in general can lead to further investigations of
quantum walks interacting with local degrees of freedom. A
natural extension of our study would be to consider a quantum
walk on a higher dimensionsional local spins where a transi-
tion to classical random walk and a diffusive spread is ex-
pected. Furthermore, the fate of localization in two and three
dimensional spin lattices can be studied. It would also be in-
teresting to analyze the connection between localization and
non-Markovianity in similar models.
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Appendix A: Matrix Product States Formalism
In matrix product states (MPS) formalism, different degrees
of freedom and local interactions between them are repre-
sented by local tensors. The general form of a matrix product
state can be written as45
|Ψ〉 =
∑
q
Tr [Aq1 . . . AqN ] |q〉 (A1)
where qn are the local degrees of freedom and |q〉 ≡
|q1, . . . , qN 〉 form a basis for the global Hilbert space. Each
local tensor A has three indices corresponding to one physical
dimension and two bond dimensions. The physical dimen-
sion is determined by the number of local physical degrees
of freedom (qn) associated with each tensor. The coefficients
of the wave function are calculated as a matrix multiplication
by contracting the virtual bond indices. The bond dimension
between the tensors Aqn and Aqn+1 is obtained by applying
singular value decomposition for the partitioning of the ma-
trix product at the nth bond. The number of non-zero singular
values {σα}, is equal to the bond dimension D. Using the
singular value decomposition, the tensors can be brought to
canonical form. In this form, matrices are rewritten in right or
left orthonormal bases. This actually provides an efficient way
of manipulating the MPS state and computing the desired ex-
pectation values. For example, on-site expectation values can
be calculated using the canonical form pivoted on that site as
the tensors to the left and right of the site reduce to identities
when they are contracted.
The squares of the singular values are the eigenvalues of the
reduced density matrix of either subsystem, i.e. the partition
to the left or right of a given bond. Therefore, the von Neuman
entropy (see Eq. (14)) becomes
S = −
D∑
α=1
[
σ2α log σ
2
α
]
, (A2)
and the eigenvalues also satisfy
∑
α σ
2
α = 1. For a product
state, the bond dimensions of all the local tensors are equal to
one (σα = 1) which means zero entanglement entropy. As
the entanglement between two parts of a system increases, the
dimension of the bond connecting the two parts increases as
well. As the Hilbert space dimension of a many-body system
scales exponentially with system size, a random quantum state
will likely have large bond dimensions. The efficiency of the
MPS representation relies on the fact that low-energy states
of one-dimensional physical systems with short-range interac-
tions generally have low entanglement46, which in turn keeps
the bond dimensions of the local tensors bounded. In practice,
bond dimension can be restricted by imposing an upper limit,
or eliminating singular values below a truncation tolerance, δ.
In conventional MPS algorithms, a given Hamiltonian is ex-
ponentiated to obtain the evolution operator. Due to the com-
mutation errors, approximate methods such as Suzuki-Trotter
expansion47,48 are used in numerical calculations, in general.
Since for the discrete-time quantum walk the unitary evolu-
tion operator is defined instead of the Hamiltonian, we do not
need a Suzuki-Trotter expansion for numerical MPS simula-
tions. The implementation below is numerically exact for the
precision determined by the truncation tolerance.
For a single spinless particle moving on a lattice, a straight-
forward MPS representation is to associate a basis composed
of two states for each lattice site. These states correspond
to the vacuum and particle (being present on the site) states.
(Note that this is not the most efficient representation because
the MPS ansatz spans a 2N dimensional physical Hilbert
space including the no particle vacuum state as well as many-
particle states with a maximum of one particle per site.49) For
a quantum walk, the local basis can be extended to include the
coin degrees of freedom such that
|qn = 0〉 ↔ |vacuum, n〉,
|qn = 1〉 ↔ |c = 0, n〉, (A3)
|qn = 2〉 ↔ |c = 1, n〉
forming a three-dimensional basis and |c, n〉 are quantum
walker states defined in Sec. II A.
The unitary walk operator Wˆ consists of the successive ap-
plication of the coin Cˆ and shift Tˆ operators. With the above
identification of the local basis, Cˆ can be implemented as
I1 ⊕ exp (−iθX)↔ Cˆ (A4)
where the matrix representation on the left is contracted with
the physical index qn of the local tensors at each site n.
The conditional shift operator Tˆ can be broken into the
left TˆL =
∑
n |c = 1, n〉〈c = 1, n+ 1| and the right TˆR =∑
n |c = 0, n+ 1〉〈c = 0, n| shift operators, which can be im-
plemented by the two-site application of the matrices1 0 00 0 0
0 0 1

n
⊗
1 0 00 1 0
0 0 1

n+1
+
0 1 00 0 0
0 0 0

n
⊗
0 0 01 0 0
0 0 0

n+1
↔ TˆR
(A5)1 0 00 1 0
0 0 1

n−1
⊗
1 0 00 1 0
0 0 0

n
+
0 0 00 0 0
1 0 0

n−1
⊗
0 0 10 0 0
0 0 0

n
↔ TˆL
(A6)
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FIG. A.1. Entanglement entropy between bi-partite partitions of the
chain at the nth site, Sn, along the chain (a) and as a function of the
angle φ (b) after 100 time steps.
which are contracted with physical indices of sites n and n+1.
As TˆL and TˆR act on different coin states, they commute with
each other. Thus, the order of their application does not mat-
ter. However, for both of them, the even- and odd-bond hop-
ping terms do not commute with each other. To avoid commu-
tation errors, when sweeping over consecutive lattice bonds
from left to right, TˆL can be applied. Similarly, when the
sweep direction is switched TˆR can be applied50.
The local spins can be included by extending the local ba-
sis as a direct product with that of the local spin |sn〉 giving
a 3 × 2 = 6 dimensional local Hilbert space. (For a sin-
gle walker, the bond arrangement is such that non-zero ampli-
tudes only appear for states with qn = 0 for all n except one.)
Finally, the matrix-product-operator for the interaction Mˆ can
be implemented with the following matrix
[11 ⊕ 02]⊗ I2 + [01 ⊕ I2]⊗ exp (−iφX)↔ Mˆ, (A7)
which is again to be applied at every site n to the tensor
Aqnsnbn−1,bn with bond indices bn−1 and bn to the left and right,
respectively. In fact, the combination CˆMˆ can be performed
together. Each step of WˆM = Tˆ CˆMˆ is composed of consec-
utive application of the on-site coin and interaction operators
and a single sweep of the right and left translation operators.
To compute the spin expectations, we extend the Pauli oper-
ators to include the coin space. For instance, Pauli X operator,
Xˆ , is replaced with
[I1 ⊕ I2]⊗X↔ Xˆn, (A8)
If the state is in canonical form with respect to site n, then
computing the expectation 〈Xˆn〉 reduces to the contraction
of the above operator with the local tensor and its Hermitian
conjugate, i.e.,
〈Xˆn〉 =
∑
qnsn,q
′
ns
′
n,
bn,bn−1
(
A
q′ns
′
n
bn−1,bn
)∗
[[I1 ⊕ I2]⊗X]q′ns′n,qnsn A
qnsn
bn−1,bn .
(A9)
We perform a numerically exact time evolution employing
the above ansatz up to t = 100 time steps. In our simulations,
we choose the truncation tolerance as δ = 10−8. The maxi-
mum bond dimension at the end of the simulations becomes
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FIG. A.2. (a) Entanglement entropy as a function of time for a
lattice with N = 15 for different values of φ. (Partitioning of the
system is done in half, i.e. 7 + 8 = 15, and only spins on the left are
traced out for these calculations.) For φ > pi/4, S grows as ∼ log t
in the second decade of the evolution before the systems eventually
thermalize. (b) Entanglement entropy per site S/N as a function of
system size N after thermalization at t = 105 approaches a constant
indicating a volume law.
D ∼ 900 for the bond in the middle of the chain where the
quantum walker starts at t = 0. As seen from Eq. (A2), bond
dimension and entanglement entropy are directly related. In
Fig. A.1, we show how the von Neuman entropy between bi-
partite partitions at the nth site, Sn, changes along the chain
at t = 100. For all the non-zero values of the interaction
strength, Sn is maximized around the initial site, and drops to
zero near both ends (Fig. A.1(a)). As the interaction strength
φ increases, spread of the entanglement is suppressed. In
Fig. A.1(b), we show how Sn varies with φ for different par-
titionings of the spin chain at t = 100. The result for the
partitioning at the origin (site n = 0) is shown in Fig. 4(b),
aswell. When the chain is split in the middle, Sn monotoni-
cally increases with increasing φ. For n 6= 0, Sn depends on
the localization of the quantum walker. Near the origin, Sn is
generally higher in the regime where the walker is partially lo-
calized, whereas it converges to its minimum value when the
walker is exponentially localized.
We also note that for finite system calculations the entan-
glement entropy saturates at values that scale with the size of
the system which implies a volume law for the model. The
saturation of S(t) is shown in Fig. A.2(a) for different values
of φ and a system with N = 15. For this system size, the
saturation takes t ∼ 102 − 103 depending on the localization
of the walker. The strongly localized (φ > pi/4) systems sat-
urate faster than partially localized (φ < pi/4) ones but the
saturation value is determined by the system size. The scaling
of the long-time value of S with N is shown in Fig. A.2(b)
where the entropy per sites converges to a constant value.
Appendix B: Effect of a symmetry breaking field
Disorder-free localization (DFL) is strongly related to the
extensive number of conserved quantities10. In this section,
we observe the effect of a symmetry breaking field taken as a
9uniform field along the z-direction. We apply a field operator
F =
∏
n
e−iφ
′Zˆn (B1)
at every time step and consider an evolution of 40 steps from
the same initial state as in the main text. We concentrate on
two interaction angles. At φ = pi/8 (Fig. B.1 upper panel), lo-
calization is partial and the tails at the two ends persist. When
a small field such as φ′ = pi/100 is present, the localization
around the initial state decreases substantially, but the tails are
not affected too much (Fig. B.1(a)). As we increase φ′ fur-
ther, the distribution becomes more uniform around the initial
site and it drops around the tails, as well. Due to the dimin-
ishing of the localization with the uniform field, for the first
30 time steps variance is higher compared to the φ′ = 0 case
and it is approximately the same for both field angles. How-
ever, for φ′ = 2pi/100, the probabilities around the tails also
drop yielding a slower spread and, therefore, a lower variance
(Fig. B.1(b)) which is similar to a diffusive behavior. We now
look at an angle for which the walker is completely local-
ized (Fig. B.1 lower panel). At φ = 3pi/8, the effect of the
symmetry breaking field on the localization is lessened com-
pared to the previous example. Though localization is dimin-
ished, it still persists for both field angles (Fig. B.1(d)). As
the field strength increases, time behavior of the variance be-
comes similar to classical diffusion, where variance increases
linearly in time (Fig. B.1(e)). For both interaction angles,
the symmetry breaking field does not change the logarithmic
growth of the entanglement entropy (Fig. B.1(c) and (f)).
The persistence of localization and the logarithmic growth
of entanglement entropy is likely to be related to the phe-
nomenon of prethermalization explored in integrable mod-
els51–55. In these Hamiltonian models, a small perturbation is
added to an exactly integrable Hamiltonian. In this perturbed
limit, the integrals of motion remain approximately conserved
up to a time given by the Fermi-golden rule. In this model we
expect something similar to happen, but since we are working
with a unitary pertubation instead of an Hamiltonian pertuba-
tion, Fermi-golden rule does not directly apply.
To obtain the time scale at which which the perturbation
starts to relax the conserved quantites Xˆn we expand the new
perturbed dynamics around the original dynamics as follows:
U t = (WˆMF )
t ≡ (WˆM )tF t +
∑
k
φ′kF˜t,k (B2)
where U = WMF = WMF = TCMF . Note that M and
F can also be written as
M =
N∑
n=1
Iˆ2 ⊗ |n〉〈n| ⊗ (cosφ Iˆ2N − i sinφ Xˆn) (B3)
F =
N∏
n′=1
Iˆ2 ⊗ IˆN ⊗ (cosφ′ Iˆ2N − i sinφ′ Zˆn′) (B4)
To find the first order expressions which will allow us to make
a similar approximation as Fermi’s golden rule, we need to be
able to compute the commutator:
[F,M ] = 2i sinφ
∑
n
sinφ′|n〉〈n|Yˆn
∏
n′ 6=n
(
cosφ′ − i sinφ′Zˆn′
)
≡ sinφ′ V (B5)
We then work out F˜t,k recursively. Since Uˆ = WˆMF , F˜1,k = 0. Starting with U2 we get:
U2 = Wˆ 2MF
2 + sinφ′ WˆMWˆV F (B6)
which encourages us to define (sinφ′)sWs as the sth commutator of F with WˆM such that sinφ′Ws = [F,Ws−1] and
sinφ′W1 = [F,WM ] = W [F,M ] = sinφ′WV . Then using:
[F,W tM ] = sinφ
′
t∑
k=1
W k−1M W1W
t−k
M (B7)
We can get higher order terms
U2 = WMFWMF = W
2
MF
2 + sinφ′WMW1F
U3 = WMFU
2 = WMF
(
W 2MF
2 + sinφ′WMW1F
)
= W 3MF
3 +WM [F,W
2
M ]F
2 + sinφ′W 2MFW1F + (sinφ
′)2WMW 21F
= W 3MF
3 + sinφ′
(
2W 2MW1 +WMW1WM
)
F 2 + (sinφ′)2
(
W 2MW2 +W
2
1
)
F
U4 = WMFU
3
= W 4MF
4 + sinφ′
(
3W 3MW1 + 2W
2
MW1WM +W1W
2
M
)
F 3 + (sinφ′)2 (. . . )F 2 + (sinφ′)3 (. . . )F
Extrapolating we get the first correction as:
U t = W tMF
t + sinφ′
t∑
k
kW k−1M W1W
t−k
M + (sinφ
′)2 (. . . ) (B8)
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FIG. B.1. Effect of the symmetry breaking field in Eq. (B1) for
the interaction angles φ = pi/8 (upper panel) and φ = 3pi/8 (lower
panel). (a) and (d) show the probability distribution. Time behav-
ior of the variance in position space is shown in (b) and (e). Time
behavior of the entanglement entropy is shown in (c) and (f).
This term will play an import role when sin(φ′)
∑
k k ≈
t2 sin(φ′) ≈ 1 or t = 1/√sin(φ′). This is going as a
square root because we are generating these terms both from
when we commute [F,W t−1] and the perturbative contribu-
tion from previous t. This is true for all orders, so we gener-
ally expect those to play a role when t ≈ sin(φ′)−k/2.
Lets now consider what each of these terms are doing. No-
tice that W1(φ′) = WMV (φ′) also must be expanded in
sin(φ′). The zeroth order expansion in sin(φ′) yields a term
very similar to M but now with Yn instead of Xn. At second
order, Xn is replaced by Yn + i
∑
j 6=n Zj . Working in a basis
in which this operator is diagonal. The phase being imprinted
onto the walker at site n ends up being a sum over the expec-
tations of Zj . This will depend on how the wave function in
each of the X trajectories is dephasing and will likely result
in the expectations of Zj being random. If this is the case, this
operator averages out to 0 and W1, at second order in sin(φ′),
will not contain the localizing effect WM does. Therefore it
should be when the first order perturbation in V , (second in
U ) start to play a role that the system delocalizes. This gives
tc ≈ 1/ sinφ′ (B9)
This is roughly consistent with what we see in Fig. B.1, where
for φ′ = 0.02pi, the curve departs from the φ′ = 0 line at
t = 15 and around t = 30 for φ′ = 0.02. A better test
requires evolving to longer times.
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